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1. 
The smooth 4-dimensional Poincar6 conjecture remains an outstanding problem 
in topology: Is every homotopy 4-sphere diffeomorphic to S4? A large class of 
potential counterexamples was constructed by Cappell and Shaneson [4). These 
homotopy I-spheres, which arose in connection with knot theory in S4, were not 
obviously diffeomorphic to S4. Two of the examples, including the one popularized 
by Akbulut and Kirby [3 3, were especially intriguing because they naturally occurred 
as double covers of homotopy RP4’s which were known to be exotic [5]. 
The Cappell-Shaneson examples are indexed by certain matrices in SL(3, H). 
Each such matrix determines a pair of homotopy 4-spheres, distinguished by a Z2 
choice of framing. The pairs seem to consist of one easy example and one hard 
one. Akbulut and Kirby [2,3] studied the simplest pair and showed that the easy 
example was standard. The harder member of the pair, which covered an exotic 
llW4, turned out to be much less tractible. Akbulut and Kirby drew a handle picture 
of the object, and after much study conjectured that it was exotic. Recently, the 
author has shown how to trivialize the link picture, so that their homotopy sphere 
is actually standard 661. Aitchison and Rubenstein [I] have studied an infinite family 
of pairs, and shown that in each case the easy choice of framing yiplbz G standard 
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sphere. The hard choice, however, yields examples which are still not known to be 
standard. (In particular, the other double cover of a fake RP4 is one of these hard 
examples.) 
The purpose of the present article is to construct handle descriptions of this 
infinite family of Cappell-Shaneson spheres. We see directly that for one choice of 
framing, S4 is obtained. For the other choice, we obtain a handlebody with no 
3-handles, and only two l-handles and two 2-handles. Our simplest picture of this 
is Fig. 17. We also obtain the “upside down” picture of this handlebody, with no 
l-handles, two 2-handles and two 3-handles. This appears as Fig. 9, with the handle 
xy erased and only two 3-handles. Our simplest example, m = 0, must be the 
Akbulut-Kirby example (and hence, standard). We see directly how to obtain the 
Akbulut-Kirby handle picture during the course of our calculation. This may lead 
to a technique for showing the other examples are trivial. 
We also develop a trick, which may be of independent interest, for dealing with 
Gluck constructions. A corollary (see the remarks in Section 3) is that if K c S4 is 
a knotted S* with exactly two local minima, then Gluck construction on K admits 
a handle presentation without 3-handles. (This was shown, by a harder argument, 
in Melvin’s thesis [7 I.) 
2. 
The Cappell-Shaneson construction is as follows: Choose A E SL(3, Z). Let T 
denote the 3-torus bundle over S’ whose monodromy is determined by A. T contains 
a canonical “zero section”. If det( Z - A) = f 1, it is easy to verify that surgery on 
this zero section produces a homotopy 4-sphere. There are two choices here, 
corresponding to the two possible normal framings of the zero section. The resulting 
pair of homotopy spheres is related by Gluck construction (on the S*‘s resulting 
from the surgery). Cappell and Shaneson showed that the two knotted S*‘s here 
are inequivalent, provided that det(A - AZ) > 0 for all A c 0. 
Our infinite family corresponds to the matrices 
01 0 
A,=01 1 , 1 1 1 0 m+l 
for m E P. Clearly, A, E SL(3, n) and det( Z - A,) = -1 (and the condition on A,,, -AZ 
is satisfied whenever m 2 -2). Since inversion and conjugation in GL(3, Z) do not 
affect the resulting diffeomorphism types, this gives a large subcollection of the 
Cappell-Shaneson manifolds. In fact, all traces are represented, and for each trace 
there are only finitely many conjugacy classes satisfying det A = 1, det( Z - A) = f 1 
[ 11. For traces between -4 and 9, each trace determines a unique pair of manifolds. 
In particular, the manifolds naturally covering exotic RP4’s occur when m = 0 (the 
Akbulut-Kirby example) and m = 4. (See [l] for details.) It should be noted that 
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the family (A,} is equivalent to the family exhibited in [4]. To see this, verify that 
BA,B-’ and CA,%-’ comprise the family in [4], with 
B=[i y 81 and c=[! b 91. 
In particular, our family is equivalent to the family AL studied in [ 11. (See [ 1, p. 41, 
formula *ic2 3.) 
3. 
We wish to construct handle pictures of the homotopy spheres associated to A,. 
We begin by the method of [2]. Figure 1 shows the standard handle picture of p, 
with four l-handles, six 2-handles, four 3-handles and a 4-handle. Note that one 
l-handle is attached at the origin and 00. The framings make sense as integers, since 
all attaching circles are nullhomologous in the l-skeleton. Regard r) as the trivial 
T3 bundle over S’, with the handle at 0 and 00 being the only one which wraps 
around S’. The zero section can be represented as the core of this handle, together 
with any ray from 0 to 00. The “fiber” 3-handle representing H3( T3) is attached to 
an S2 which appears as a cubical surface surrounding 0 and running geometrically 
twice over each of three 2-handles. 
Fig. 1. 
As in [2], apply the diffeomorphism determined by A,, to the T3 “inside” of the 
cube along which the fiber 3-handle is attached (using the standard right-handed 
coordinate system). This puts the required twist into our bundle. Isotope to the 
identity near 0, and isotope the attaching circles of the 2-handles into the l-handles, 
SO that Fig. 2 is obtained. Note the new notation, which indicates an annulus inside 
of which one curve spirals m + 1 times. (If m = -= - 1) the direction hi: Se opposite 
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Fig. 2. 
the one indicated.) Since A, yields a linear map on T3 = R3/Z3, it is easy to see 
that the framings on the 2-handles will still be those determined by normal vector 
fields in the plane of the paper. We adopt his as a standard convention for 2-handle 
framings which cannot be specified by integers. It is recommended that the reader 
use colored chalk for this picture and subsequent calculations. 
To perform the surgery,we lift off the 4-handle and fiber 3-handle, leaving a 
manifold with boundary S* x S’. We then attach a 2-handle and 4-handle, with the 
attaching circle of the 2-handle representing {point} xS’. Note that it suffices to use 
any circle intersecting the attaching sphere of the fiber 3-handle (S* x point) 
geometrically once, since all such curves are isotopic in S’ x S’. In particular, the 
dashed ray y in Fig. 2 works. (We may assume it misses the other 3-handles, since 
these do not separate 0 from 00 in the desired octant.) Changing notation for one 
l-handle, we obtain Fig. 3. Note that we have also introduced a small cancelling 
I-handle/2-handle pair, with the new 2-handle labelled cy. For now, we leave the 
framing on y unspecified. Observe that by a general property of S* x S’, only the 
mod 2 residue of the framing will affect he resulting diffeomorphism type. (This is 
the Z2 choice specified earlier.) 
Next, we slide the new l-handle over another l-handle, as indicated by the arrow 
in Fig. 3. (Push the entire dotted circle into the S* so that it emerges on the other 
side of the picture.) The 2-handles linking the dotted circle will be dragged across 
the l-handle also. In particular, one 2-handle will be simplified by this procedure. 
We cancel this 2-handle against he l-handle attached along the x-axis. We simplify 
by an isotopy, dragging the small dotted circle through the other dotted circle, to 
obtain Fig. 4. (Recall that three 2-handles in Fig. 3 are homologically nontrivial in 
the l-skeleton; these must be moved by regular homotopies in the plane of the 
paper to preserve their framings. For the other 2-handles, this is unnecessary.) Note 
that we have flattened the diagram into the yz plane near the l-handles. The three 
O-framed 2-handles which sat in coordinate planes in Fig. 2 have been labelled by 
the pairs of axes spanning their planes. 
On CappelC-Shaneson 4-spheres 127 
Fig. 3. 
0 
u 
U3 3-h’s, 4-h 
u 3 3-h 
4-h 
128 R.E. Gompf 
The l-handle attached along the z-axis may now be cancelled with a 2-handle to 
obtain Fig. 5. (Specially, we use the 2-handle which points toward the origin as it 
emerges from the attaching region.) Note the right-handed writhe in the 2-handle, 
which generates the full twist indicated in Fig. 5. (An efficient way to obtain Fig. 5 
is as follows: (1) Slide the 2-handle yz over the cancelling 2-handle as indicated by 
the arrow. (2) Isotope to simplify yz (removing it from the twist), and straighten 
out the cancelling 2-handle. (3) Slide xz over the cancelling 2-handle (near the same 
arrow), remove from the twist, and simplify. (4) Cancel the handle pair.) There 
remains only one 2-handle whose framing cannot be specified by an integer. (This 
is the one which spirals around the annulus.) Its framing is determined by a parallel 
push-off in the plane of the paper, modified by a right twist each time the curve 
passes through the box which indicates a twist in Fig. 5. Note that the spiral is 
beginning to unravel; only m strands run along the bottom half of the band. The 
2-handle in question actually cancels against he l-handle on the y-axis, but we will 
postpone this to reduce the complexity of the next few figures. 
u3 3-h 
4-h 
Fig. 5. 
To obtain Fig. 6, shde the handle xy over two other handles: First, slide over yz 
as indicated by the arrow at the left of Fig. 5, then immediately slide xy over xz as 
indicated by the top arrow in the same figure. Note that with each slide, we must 
introduce a -1 twist in the parallel, to compensate for the twist introduced as the 
parallel runs through the big +l in the figure. 
At this point, we may cancel yz with a 3-handle. To see this, slide yz twice over 
the spiral 2-handle as indicated by the two arrows at the left of Fig. 6. Note that 
before the slides, part of the attaching curve for yz has the appearance of a circle 
surrounding the annulus within k&h the spiral occurs. After the slides, this circle 
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Fig. 6. 
es connected to a pair of arcs which run around the spiral as indicated by 
the first picture in Fig. 7. After lifting the new curve slightly in front of the annulus, 
we may unwind it by sliding the point of connection around the circle many times 
as indicated by the arrows in Fig. 7. (The big +l twist does not interfere.) This trick 
allows us to simplify the picture after the handle slides. The new curve yz is isotopic 
to a O-framed parallel of XZ. Thus, we may slide it off of xz and cancel it against a 
3-handle. The final picture is Fig. 6 with the handle yz erased and only two 3-handles. 
Now we easily see that for one choice of framing our example is S4. In particular, 
if the curve y is O-framed, we may cancel it with the lower l-handle simply by 
erasing both circles. The 2-handle (Y becomes a O-framed meridian of the other 
4 dotted circle, cancelling it. The curve xy slides 
cancels, as do all other handles. 
off of the remaining l-handle, which 
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We continue with the nontrivial case. Slide xy over a! as indicated by the arrow 
on the right of Fig. 6. The attaching curve for xy becomes a long, narrow band 
clasped on each dotted circle. Now cancel the l-handle on the y-axis against he 
spiral 2-handle. The result is Fig. 8. There are now 4m parallel strands 
around the spiral. Note that all framings are now determined by integers. 
running 
- vJ.1 I 
u2 3-h 
4-h 
Fig. 8. 
Our next goal is to eliminate both l-handles. To do this, we must return to our 
description of the manifold as surgery on a bundle over S’. Recall that we completed 
the surgery (glued in the last S* x 0’) by adding a 2-handle to y and a 4-handle in 
Fig. 2. Since we have not slid anything over this last 2-handle, the S* x D* is still 
visible in Fig. 8 as the 2-handle attached to y union the 4-handle. We will change 
our description of this S* x D*, so as to cancel both l-handles. 
The two choices of framing on y produce homotopy spheres related by a Gluck 
twist. Specifically, we remove the S’ x D* from one manifold, and glue it back in 
with a twist to obtain the other manifold. The “twist” is the following self- 
diffeomorphism of S* x S’: Parametrize S’ by e’“, and rotate each S* x (0) through 
the angle 0 about a fixed axis. Since rotation of S* leaves two poles p, q fixed, the 
Gluck twist fixes a pair of circles, {p} x S’ and (q} x S’. We may build S* x D* from 
its boundary as a handlebody, with two 2-handles, a3-handle and a 4=handle, where 
the 2-handles are attached to {p} x S’ and {q} x S’. The Gluck twist will fix the 
attaching circles, but add a right twist to one framing and a left twist to the other. 
We apply this as follows: In the case where y is O-framed, we may draw (p} x S’ 
and (q} x S’ as two parallel copies of y in Fig. 8. We may slide one of these over 
a 2-handle so that it becomes a meridian of the other dotted circle. Thus, in the 
O-framed case we obtain Fig. 8 with y replaced by a pair of O-framed meridians 
(ON on each &tted circle) and a third 3%handle. The case of interest is now obtained 
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by a Gluck twist, as above: change the framings on the meridians to +l and -I. 
We cancel these meridians against he two l-handles. The end result is Fig. 8, with 
the top dotted circle replaced by a full left twist, the bottom dotted circle replaced 
by a full right twist, and a third 3-handle. (Note that we could have chosen the 
twists to go in the opposite directions, obtaining a different picture.) The framings 
on the remaining 2-handles turn out still to be zero. 
Remarks. (1) This construction explains the mysterious 2-3 pair additions of 
[3, Fig::res 19 and 351. (See the introduction of that paper.) 
(2) A similar argument shows the following: If K c S4 is a knotted S* with exactly 
two local minima (with respect o some height function) then Gluck construction 
on K has a handle presentation without l-handles (or equivalently, without 3- 
handles). In fact, the presentation without l-handles may be obtained from that of 
the knot complement by twisting at the two dotted circles as above. 
We will see below that the handle xy cancels against a 3-handle. Thus, we obtain 
a presentation of our homotopy 4-sphere with no l-handles, two 2-handles and two 
3-handles. Specifically, in Fig. 8 we replace dotted circles by twists as above (with 
the upper circle corresponding to a left twist), erase the curve xy (and y), and add 
two 3.handles and a 4-handle as indicated. To obtain our final picture, we will turn 
this handlebody upside down, to obtain a presentation with two l-handles, two 
2-handles, and no 3-handles. 
Fig. 9. 
U 3 3-h 
4-h 
As a check, we may see directly that when m = 0, our example is equivalent to 
the Akbulut-Kirby example. Starting with the handlebody described in the previous 
paragraph (with m = 0 and xy cancelled), slide xz over (1y, as indicated by the arrow 
in Fig. 8. Simplify by isotopy, eliminating the twist indicated by the box, without 
disturbing the dotted circle twists. Drop the lower half of the top dotted circle over 
the lower dotted circle, so that the two become concent:ic. TIC rpl-,lti: *ill be Fig. 
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Fig. 10. 
0 
KY 
Fig. 11. 
Fig. 12. 
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Fig. 13. 
Fig. 14. 
17 of [3], with the dotted circles replaced by twists. (To do this isotopy, it is helpful 
to treat he dotted circles as l-handles and keep track of the words in 7r1 represented 
by the 2-handles. For example, each word can be uniquely written as a relator of 
the form y = gxg-‘.) Figure 17 of [33 with twists is a picture of the Akbulut-Kirby 
sphere. (The twists come from Gluck construction as described above.) Note that 
the inside circle corresponds to the right twist. This is the opposite choice from the 
one used by Akbulut and Kirby. (Beware that in [3] Fig. 18 is actually the mirror 
image of Fig. 17.) (Question: What happens if we use the opposite twisting in Fig. 
8 (for arbitrary m)? Does .xy still cancel? If so, this may yield a final answer more 
closely related to the Akbulut-Kirby picture (for example, in group theory). This 
could be useful, since that picture can be seen directly to be trivial [a].) 
We continue with our construction by explicitly doing the left twist represented 
by the top dotted circle in Fig, 8 (with three Z-handles and th,i-?e 3~5 ,adles). This 
134 R.E. Gompf 
Fig. 15. 
Fig. 16. 
eliminates the right twist indicated by the box. An isotopy yields Fig. 9. The dashed 
curve indicates the full right twist due to the lower dotted circle of Fig. 8. Note that 
this curve has been folded over itself twice. The spiral has continued to unwind. 
Recall that we may erase the 2-handle xy and a 3-handle, so that Fig. 9 becomes a
picture of a Cappell-Shaneson homotopy sphere with two 2-handles and two 
3-handles. (This figure may be of independent interest.) 
There are two tasks remaining. We must verify that xy cancels with a 3-handle, 
and we must turn the remaining handlebody upside down to obtain a presentation 
without 3-handles. We will do both simultaneously. Consider the handlebody rep- 
resented by the Zhandles xz and cy in Fig. 9. We will show that the boundary of 
this is S2 x S’ # S’ x SE. We will keep track of xy as a framed circle in this boundary, 
On CappeN- Shaneson 4-spheres 135 
0 
Fig. 17. 
and see that it is isotopic to a O-framed unknot, so that it indeed cancels a 3-handle. 
We will also keep track of O-framed meridians of the two 2-handles xz and (Y. When 
we identify St X S’ # S* x S’ as the boundary of a I-handlebody, these framed 
meridians will give the attaching maps for 2-handles, yielding the desired hand- 
lebody. Note that we may freely pass my through the meridians (since the two 
problems are independent), and we may slide the framed meridians over each other 
as if they were 2-handles (since, in the final interpretation, they 
In Fig. 9, draw the O-framed meridians to xz (Y. Since we are now working 
with a we may blow up a -1 at the right twist represented by the dashed 
curve. The twist disappears (replaced by a circle with framing -1). The framing on 
xz remains 0, but the framings on xy and a! become -1 (cf. Fig. 8). There are six 
arcs in Fig. 9 which dive through the center of the spiral between the two arrows. 
Exactly one of these is part of the circle XZ. Slide the other five arcs over xz here 
to unlink them from the spiral. This will cause the five arcs to link the meridian to 
XZ. An isotopy yields Fig. 10. The two meridians are drawn as dotted curves. The 
curve a! may now be unlinked from the meridian to XZ, by sliding this meridian 
over the meridian to cy. We may also unlink xy from the meridian to XZ, since these 
curves may freely pass through each other. This leaves the meridian linking only 
xz and the new -1. 
Next, we blow down the curve (Y. Note that in Fig. 10, a! is rectangular, except 
for a long ribbon which runs through the spiral and then clasps the new -1. Pull 
the clasp back around the spiral so that cy becomes rectangular and the new -1 
becomes wrapped around the spiral. It is now routine to blow down cy, and isotope 
(passing xy though the meridians) to Fig. 11. Observe that the meridian to a has 
become a +l-framed circle, and all other framings have become zero. 
Close inspection of the spiral in Fig. 11 shows that it may be replaced by standard 
twist notation. If m = 1, we eliminate the spiral by erasing the right half, and using 
the left half to connect the four relevant strands‘ Each additional turn of the spiral 
will add a full left twist, as indictated by Figi 12. A bit of thought rage& +hat Figs. 
11 and 12 are equivalent, even for rt3 G 0. flow $ve may sirnlM)r @ **~tuye b;? & - . . 
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rotating the top half m - 1 times, so that the twists move from the left side of the 
picture to the right side (between the two arrows). Observe that if we erase the 
dotted circles, the twists vanish completely. The remaining three circles are easily 
seen to form an unlink. This proves that our 3-manifold is indeed S* x S* # S* x S’, 
with xy a O-framed unlink in the boundary. In particular, xy cancels a 3-handle in 
Fig. 9, as required. 
Our remaining task is to draw the handlebody without 3-handles. To accomplish 
this, we begin with Fig. 11, with the spiral replaced by twists as in Fig. 12, and the 
twists moved between the arrows in Fig. 11. We erase the curve xy. Since we have 
shown that the two remaining solid circles form an unlink, we may replace them 
by circles with dots, to exhibit our 3-manifold as a( O3 x S’ b O3 x S’). The two other 
circles are the attaching circles of the 2-handles in our handletody. After a simple 
isotopy of the upper part of the picture, we obtain Fig. 13. This is our first picture 
without 3-handles of our Cappell-Shaneson manifolds. Our final picture, Fig. 17, 
is obtained from this by isotopy. Details are given here, since the isotopy is difficult 
to reproduce. 
We obtain Fig. 17 from Fig. 13 by pulling apart the circles with dots, dragging 
along the 2-handles. First, fold back the dotted circle xz as indicated by the arrows 
in Fig. 13, dropping the strand between the two strands of the other dotted circle 
at the left of the picture. Push the strand straight hrough to the rear of the picture 
and shorten it, removing trivial crossings of the dotted circles at the expense of 
complicating the 2-handles. Remove the self-crossing of the unlabelled otted circle. 
The result is Fig. 14. Next, rotate the region enclosed by the dashed circle so as to 
unwind the full twist in the upper left corner of the region. Figure 15 results. 
Eliminate the self-crossing of xz by sliding one strand as indicated by the arrows. 
Continue the motion behind one strand of the other dotted circle as indicated, 
obtaining Fig. 16. Now throw the leftmost strand of xz over to the right side of the 
picture as indicated, to exhibit the dotted circles as an unlink. A long but routine 
isotopy fixing the dotted circles, followed by a 90” counterclockwise rotation, yields 
Fig. 17. 
References 
[l] 1. Aitchison and J. Rubenstein, Fibered knots and involutions on homotopy spheres, in: Four- 
Manifold Theory, Contemp. Math. 35 (AMS, Providence, RI, 1984) l-74. 
[2] S. Akbulut and R. Kirby, Exotic involutions of S4, Topology 18 (1979) 75-81. 
[3] S. Akbulut and R. Kirby, A potential smooth counterexample in dimension 4 to the Poincark 
conjecture, the Schoenflies conjecture, and the Andrews-Curtis conjecture, Topology 24 (1985) 
375-390. 
[4] S. Cappell and J. Shaneson, There exist inequivalent knots with the same complement, Ann. of 
Math. 103 (1976) 349-353. 
[S] S. Cappell and J. Shaneson, Some new four-manifolds, Ann. of Math. 104 (1976) 61-72. 
[a] R. Gompf, Killing the Akbulut-Kirby 4-sphere, with relevance to the Andrews-Curtis and Schoenflies 
problems, Topology, to appear. 
[7] P. Melvin, Ph.6. Thesis, Berkeley; 1977. 
